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CLASS GROUP OF REAL CYCLOTOMIC FIELDS
MOHIT MISHRA
Abstract. In this article, we prove that every finite abelian group G of odd order
occurs as a subgroup of the class group of infinitely many real cyclotomic fields.
1. Introduction
After the evidence of connection between Fermat’s Last Theorem and the unique fac-
torization property of cyclotomic integers, mathematicians started to explore the class
group of cyclotomic fields. Cornell [1] proved that every finite abelian group occurs as a
subgroup of the class group of some cyclotomic field. The natural question is: does every
finite abelian group occurs as a subgroup of some real cyclotomic field? Class group of a
real cyclotomic field is quite small as compared to the class group cyclotomic fields and
one would like to find real cyclotomic fields with large class group. For a prime p, Cornell
and Rosen ([2] and [3]) proved that every finite elementary abelian p-group is embedded
in the class group of infinitely many real cyclotomic fields. In [6], the author extended the
above result and showed that every finite abelian group G = Gp1⊕Gp2⊕· · ·⊕Gpr , where
pi’s are distinct primes and Gpi = Z/piZ⊕ Z/piZ, is a subgroup of the class group of in-
finitely many real cyclotomic fields. To the best of our knowledge, there is no other result
in this direction. In this article, we extend our previous result and prove the following
result:
Theorem 1.1 (Main result). Let G be a finite abelian group of odd order. Then G occurs
as a subgroup of the class group of infinitely many real cyclotomic fields.
In other words, if P = {p1, p2, · · · , pr} and S = {n1, n2, · · · , nr}, where pi’s are dis-
tinct odd primes and ni’s are positive integers (not necessarily distinct), then there exist
infinitely many real cyclotomic fields Q(ζn)
+ such that
rkpi(Cl(Q(ζn)
+)) ≥ ni,
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for all 1 ≤ i ≤ r, where Cl(Q(ζn)+) denotes the class group of Q(ζn)+ and rkp(G) denotes
the p-rank of the group G.
2. Class group of real quadratic fields and real cyclotomic fields
In this section, we establish a relation between the class group of real cyclotomic fields
and the class group of real quadratic fields contained in it1, which will be used to prove
our main result.
Theorem 2.1. Let n be a positive integer, and let F be a real quadratic field contained
in Q(ζn)
+. Then the odd part of the class group of F is a subgroup of the class group of
Q(ζn)
+.
We have the following immediate corollary of above theorem:
Corollary 2.1. Let n be a positive integer. Then the odd part of the class group of Q(
√
n)
is a subgroup of the class group of Q(ζ4n)
+.
Proof. Let m be the square-free part of n. Then
√
n = m and Q(
√
n) = Q(
√
m) ⊆
Q(ζ4m)
+. Since m | n, therefore Q(√n) ⊆ Q(ζ4m)+ ⊆ Q(ζ4n)+. Now the proof follows
from Theorem 2.1. 
We first mention few examples which corroborate Theorem 2.1 and Corollary 2.1.
(i) Since Q(
√
4357) ⊂ Q(ζ4357)+, therefore above results says that class group of
Q(
√
4357) is embedded in the class group of Q(ζ4357)
+. From [8] (Main Table),
class number of Q(ζ4357)
+ is divisible by 80. Also, by SAGE, class number of
Q(
√
4357) is 5. This verifies our result.
(ii) Consider Q(ζ420)
+. Then Q(
√
105) ⊂ Q(ζ420)+ and the class number of Q(
√
105)
is 2 (by SAGE). From [5], we have the class number of Q(ζ420)
+ equal to 1.
(iii) Again from [5] and by SAGE, the class number of Q(ζ220)
+ and Q(
√
55) equals to
1 and 2, respectively. Also Q(
√
55) ⊂ Q(ζ220)+. This verifies our result.
Proof of Theorem 2.1. Let n = pa11 p
a2
2 · · ·parr be the prime factorization of n, where pi’s
are distict primes, and let Hn = Q(ζn)
+. Consider the following diagram
1In [10], it has been proved that for a square-free integer m, the class number of Q(
√
m) divides the
class number of Q(ζ4m)
+. While reading the proof, we find out that the result is not true. Example (ii)
and (iii) above serves as counter examples to this result
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Hn = Q(ζn)
+
Q(ζpa1
1
)+
❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
Q(ζpa2
2
)+
♠♠♠♠♠♠♠♠♠♠♠♠♠♠
· · ·
①①①①①①①①①①
F · · ·
❋❋❋❋❋❋❋❋❋❋
Q(ζ
p
ar−1
r−1
)+
❘❘❘❘❘❘❘❘❘❘❘❘❘❘
Q(ζparr )
+
❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲
Q
❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲❲
❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘
●●●●●●●●●●●
✇✇✇✇✇✇✇✇✇✇✇
❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
Let Kpi be the maximal odd degree subfield of Q(ζpai
i
)+, i.e. 2 ∤ [Kpi : Q] and [Q(ζpai
i
)+ :
Kpi] = 2
ri, where ri ≥ 0 is an integer. Let H be the Hilbert class field of F and consider
the extension FKp1/F . Since Kp1 is totally ramified at p1 and [Kp1 : Q] is odd, therefore
there does not exist any non-trivial unramified sub-extension K/F (K ⊂ FKp1). This
will imply that H ∩ FKp1 = F , and therefore HKp1/FKp1 is an unramified extension.
Also Gal(HKp1/FKp1)
∼= Gal(H/F ), thus Cl(F ) ≤ Cl(FKp1) (where Cl(F ) denotes the
class group of F ). Similarly, if we consider the extension FKp1Kp2/FKp1, then, again by
the same arguments, Cl(F ) ≤ Cl(FKp1) ≤ Cl(FKp1Kp2). Continuing in this way, we get
that Cl(F ) ≤ Cl(FKp1Kp2 · · ·Kpr).
Let L = FKp1Kp2 · · ·Kpr . Consider the following map:
t : Cl(L)→ Cl(Hn)
[I]→ [IOHn ].
where OKn denotes the ring of integers of the number field Hn. Since [Hn : L] = 2r,
where r ≥ 0 is an integer, therefore, by [7, Theorem 2.2], for an odd prime p, t : Cl(L)p →
Cl(Hn)p is an injection. This means t is an injection on the odd part of Cl(L). Hence odd
part of the class group of F is a subgroup of the class group of Q(ζn)
+. 
3. Proof of Theorem 1.1
By the fundamental theorem of finite abelian groups, we can write
G = Z/q1Z⊕ Z/q2Z⊕ · · · ⊕ Z/qrZ,
where qi’s are powers of odd prime numbers (not necessarily distinct). Let |G| = N and
La = Q(
√
a2N + 4). By [4, Theorem 1.1], for any odd integer a, Z/NZ ⊂ Cl(La). Fix an
odd prime k and take a1 = 5k andm1 = a
2N
1 +1. For 2 ≤ j ≤ r, define aj = 2k¯
∏j−1
i=1 mi+1
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and mj = a
2N
j + 1, where
k¯ =


7 if
∏j−1
i=1 mi ≡ 1 (mod 10),
4 if
∏j−1
i=1 mi ≡ 3 (mod 10),
1 if
∏j−1
i=1 mi ≡ 7 (mod 10)
3 if
∏j−1
i=1 mi ≡ 9 (mod 10).
As 5 | ai (the way k¯ is chosen), we have 5 ∤ mi. Also mj = a2Nj + 1 = (2k¯
∏j−1
i=1 mi +
1)2N + 1 =
∑2N
r=1 cr(
∏j−1
i=1 mi)
r + 5, where cr are constant positive integers. If, for i < j,
gcd(mi, mj) = d, then d | mj ⇒ d | (
∑2N
r=1 cr(
∏j−1
i=1 mi)
r + 5) ⇒ d | 5. Since, for every
i, 5 ∤ mi, therefore gcd(mi, mj) = 1, for every i 6= j. As each ai is odd, therefore, by [4,
Theorem 1.1], Z/qiZ ⊂ Z/NZ ⊂ Cl(Lai).
Let m¯i be the square-free part of mi. Since mi ≡ 1 (mod 4), therefore m¯i ≡ 1 (mod 4)
and Q(
√
mi) ⊆ Q(ζm¯i)+ ⊆ Q(ζmi)+. Then, by Theorem 2.1, Z/qiZ is a subgroup of the
class group of Q(ζmt)
+.
Now let Hi be the Hilbert class field of Q(ζmi)
+ with Galois group Gi (i.e. class group
of Q(ζmi)
+). If, for i 6= j, Hi ∩ Hj is a non-trivial extension (i.e. Hi ∩ Hj 6= Q), then
we have a rational prime ℓ which ramifies in Hi ∩ Hj. This implies that ℓ ramifies in
Hi as well as in Hj. This is a contradiction, since the primes which ramify in Hi are
the primes dividing mi and gcd(mi, mj) = 1, for i 6= j. Thus we have Hi ∩ Hj = Q,
for all i 6= j. Consider K = Q(ζm1)+Q(ζm2)+ · · ·Q(ζmr)+ and H = H1H2 · · ·Hr. Then
H/K is an unramified extension, and if Gal(H/K) ∼= G¯, then the natural map from G¯
to G1 ⊕ G2 ⊕ · · · ⊕ Gr given by restriction is injective. That is, G¯ can be realized as a
subgroup of G1 ⊕ G2 ⊕ · · · ⊕ Gr. We also have [H : K] =
∏
i[Hi : Q(ζmi)]. This implies
that the order of G¯ and G1 ⊕G2 ⊕ · · · ⊕Gr are same, and thus G¯ = G1 ⊕G2 ⊕ · · · ⊕Gr.
Since G ≤ G1 ⊕G2 ⊕ · · · ⊕Gr, therefore G occurs as a subgroup of the class group of K.
Now let m = m1m2 · · ·mr. Then, for every 1 ≤ j ≤ r, Q(ζmj )+ ⊂ Q(ζm)+. Therefore
K ⊂ Q(ζm)+ and [Q(ζm)+ : K] = 2a, where a is a positive integer. Consider the following
map:
t : Cl(K)→ Cl(Q(ζm)+)
[I]→ [IOQ(ζm)+ ],
where OQ(ζm)+ denotes the ring of integers of the number field Q(ζm)+. Then, as in the
proof of Theorem 2.1, t is an injection on the odd part of Cl(K). Hence G occurs as a
subgroup of the class group of Q(ζm)
+. Since we have infinitely many choices of k(odd
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number), we get infinitely many real cyclotomic fields having G as a subgroup of its class
group. This completes the proof.
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